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Interactive Proofs for Counting Problems

We Saw an IP for GNI  a problem in coNP not Known to be in P
But GNI is not believed to be coNP-complete | I¢ so, PH collopses to 2nd level ]

Today we ptove :
)

theorem: (UNSAT € IP Y coNPc TP / PH

theorem: #SAT € IP, so P#F c TP

languages decidable in_ polynomial Fime
Vio. o machine with & #SAT oracle

These results are surprising:

. l"\omy |onguo~3€§ beyond NP, .
o The IP for GNI vses properﬁes o¥ SVO\Ph isomorlahisms , lgliﬁﬁ

Algebraic Methods for Interactive Proof Systems

but UNSAT/#SAT do not seem to have Similar properties.
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Preliminaries: Zeros of Univariate Polynomials

Basic question: how many 2eros can o univariate polynomial p have 7

Il pzo  then lots.

Co assume that p#o. In +his case the answer dependS on the degree of P.

Ex: i p has clagree.)
Hhen p hos < =zeros S
Ex: '\¥ P has decaree 2 U
then p has <2 =eros S

In general:  peFLx] has at most deq(p) zeros in [T

/

N

\ /.

No”

(ond exoctly dQS(P) 2eroS In . the a\Szbmic closure of fF)

This directly leads 1o an invalvable fact:

Polynomial Tdentity Lemma: ¥ non-zero fe Flx] VSQﬂ:/ ,(Erg[ NP deg(f)
e.

S|

Hence, ¥£,qeflx] i £#9 then Brlfw)=gi)] ¢ moxidesth) degl}
%e S IS



Preliminaries: Zeros of Multivariate Polynomials

Basic question: how many 2@ros can o multivariate polynomial p have 7

Il pzo  then lots.
Co assume that p#o. In +his case the answer dependS on the degree of P.

But_ what do we mean by degree of a polynomial plx,.,xa)= 2_ ¢y, X3 7

LILh

* individual degree. deg-md(P = mox { mox{i,. i} (byin) st Gy i #0}.
* tofal degree: deg, (p):= mox { i+t (n | (Uyyin) s¥ Cy i #0) .

EXQ"\PIQS: - P|‘= XiXat tht,'\‘)(g ) ngil\d(F'): 1 , dQ9+°+(P')=Z
- F)_‘-: X'3+X|XZ+X3XZ. , ngmd (Pz_)z 3/ de‘ﬂ+,,+(Pz)=3

Tn general, deg, ,(p)<deg,, (p)< n-deg, ,(p). (Both bounds con be tight.)

The PIL extends to multivariate polynomials (by induction on n) :

d€9+,+('(:) There are. refingments

¥ non-zero §e F[X),.. Xn) VSSIF Pr [ $(xy..0)=0] <

*» and aenecalizations.
0(\; ,®%n € S IS| e

2

The bound can be tight: _ [ («-¥)=0] = < [T ki=0]= 1 (1-g)" s Lo gy

Ky R {d++xfo Iﬂ/o( °("e



Arithmetization of a Boolean Formula

A booleon formula @(xy,..,xn) 18 o tree where:

- every leaf verfex ig labeled with a variakle x;;

— every internal verkx is a |03'\cod operator on its children,

)
a,N\,V

Arithmetization replaces eoch Iogim\ operator with

an arithmetic operator: X > I1-X
X/\y > Xy
Xvy B Xty

We obfain an expression for o polynom'\a\ p(X,..,Xa) st
+ deg,. (P)< # leaves in q,"/\dq% (Xi) =

()(H'Xg) ‘ (Xz' (1-X3))

2
. deﬁbl— (|-P) < dq8+°+ (P) = X\XL'X|X9.X3"‘X2-X3 _XLXS
< # ver ’
# vertices in deg,,, (Pi#h) & max { deg,,, (), degh*(]?z)}
= I‘P | degy., (pi-pa) £ C\38+°+(P')+dqﬁ+o+(1>&)

+ can evaluate the expression for p in <lel arithmetic operations:

# Internal vertices in @ < # vertices in ¢ =[9]

But what does p have fo do with @ 7 Not much in general,
But for 3CNFs  we get  something useful!

(Also for @ where every. NOT is.on an '\npuf)



Arithmetization of a Boolean Formula [2/2]

conjunctive’ normal form

We focus on the case of o 3CNF with m clavses. 3CNF = i) 2 lirerals per clause
T+ is specified by o svbser S<[nlx o ¥ with Is|=m:

(P()(l,-o-,)(,\) = /\ (neg(b.,x&) \Y V\Qa(bz,X&) v nea(bs,xsg))
Jodo s,
bl,bz;,\:g)CS

Example : S= {(1,34,00,1),0,3504,0),(3451,60} B (X vXvXu)A (X, vXavXs)A (X3 v XavXs) |

a4

Tn this case the expression for the polynomial is :

P(X|,,,./Xn) = (J:I:;I;l:‘s’ ( heg(b',xa‘) + V\Q8 (bz,X:)z) + nea(b3,7(33))
bi,bz,bs)€S

claim: o UNSAT — 2 \wyQn) = O
o p.€ Q,..,0n€ {0,1} P(Q n)

+ ¢ & UNSAT — 0< 2_ play,,@n) € 23"
os\,...,Gv\e {0,‘]

coro\\oryz ¥ prime Cf > 2". 3"

€ UNSAT ¢ L.Qp) = d
¢ a‘%“efo"}})(a,,a) o moed g



Sumcheck Protocol [recursive description]

A protocol for polynomial  symmations of the form 2 HP(K\,M,"(n):Y.

Xs,..., €

\

PF H,n ¥, p) VLR, Hyn,¥,d)
Cose n=o: Do no-l'hing, Check +hat P=X.

. - X, oy . s €F[x o) 2 ¥
Case n»o: P\(X) _o(?,;.,o(.,ePH( %y ) Xn) 3l ]) O%HP

cweff  aef

Sd‘ P‘ ()(L/.../Xn) = P(N\, x:.,...,)(v\) Qnd b"r= Pl (WI).

PUF M 1, 0 (2 fl k)= VP (R0, d)

{if n=0 then p=¥
if n>o +then D(Z/Z“'\P (%, £n)

cecy

%, -,

deg;,4(p)<d

Zo( P(Wl,’(z,...,K,\) = Pl(ml)-‘:b"



Sumcheck Protocol

[iterative description]

By “unrolling" the recursion we obfain on iterative dQScriP’rion of the protocol.

2
P(F,H,nx, P) “',%.,eHP(p(" )2
= X,°(z. ey X |€“_'[)(]
pix) _og..,o(.\e?H( e i >
< W€ i
P;(X) = Z P (Wl,x,o(g,...,o(n) o € W[X]}
0(3,...,0(“€H
< 0. €F
Fn(X) = F(‘A)l/.../wn—\/)() P.,e fF[X])
c Wn€F
\/_\/_J
O(n+d)
elements

VP(H:,H,n,X/i])
2 plx) iy

o\ €H

deg;,4(p)<d

A

2 Plot) L pilw)

%,€H

ARy

Z Pn (Xh); Fn-l ( N'\-I)

o EH

VF queries p ot (o, .., 0n)

—~—

O(n+HI-d) field ops + 1 eval of p



Soundness of Sumcheck Protocol [1/2]

claim 5= pla, ) #¥ — ¥ F B[P VI(FHnyd)y =1]< 1 (1)« 24
Mote 3%1\’0«“)' the bound is |— ('"\'s'l) if degm(P)sd; ond . Wi is sampled from SicFF.

v . . ; ~ ~ d
Proof: The molicious prover P is described by n polynomials P, .., Pn€ F0x]
where  Pi depends on the werifier messages w,,..,wi. € .

The proof is by indvction on n .

» Bose case * n=1 |, \/\/Q show that Pr[<']3/VF(|F,H,h=1,Xd ‘]\ - ("ﬁ) IFL

P(F H,n=y ¥ p) ozg”p(«oivr VO H ne ¥ d)

~

The maliciovs prover P sends @

Sinﬁle message ']3; lf‘(d[x]

Assume +hat 3~ Bi(a)=¥, since if not F‘(X) 1= P(X) f.éﬂ_'[x]> > P, PAER

A eH o\€H
the verifier immediately rejects. < oneff weft
Hence ?’. # Pi becavse O(Ze:HP‘(oh) EHp(o«)a&b’ P(w.)zp,(w,)

We conclude that
Pr[<'§,VF(|F,H,h=1,X/d)>=l]=fr[P(W\)‘:']S/n(lﬁh)]:fr[P,(N|)=ﬁ(lﬂ|)]$ﬁlﬁ.



Soundness of Sumcheck Protocol

c|aim= Z P(OIl,,"‘n)#X — V? P‘_[<"’3,VF H:/H/h/b’/d —‘]< - (l—m < “ﬂ

oy,..,%n€H
Proo oof: [ continved )
» Inductive case: nyl. Assume the claim for (n-1)-variote polynomials .
We con assume that d%‘]: ()= since otherwise the verifier immediately rejects,
Hence because 2>~ Plol)= 2 pla,..an)# V.
i #Pp 2 Ple) et )
De?inc_ E\ = P.(Ul)#’ O(L’Z/-;\ F(W\O( O(n)“,

T\'\Qn _PV[EI-_\ .E([ P\(Wl)# P\(W!)] | - m

Define E, =" the verifier rejects in round i2z2 |

By the inducHon hypothesis fr[EdEl] ("%)M.

We conclude that .Pr[<"3,VP F,H,n,¥d)) =1 ]
= I—Pt'[Ez]
¢ | = Pr[ELIE ] Pr[E,]

- n
¢ |- (l—%)" . (l-%) = I-(l—ldﬁ)

12/2]
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Interactive Proof for UNSAT

We describe an IP for UVSAT ={¢ | ¢ is an unsatisfioble 3cMF boolean formula }.
This implies that coNP<IP (by reducing to UNSAT via polynomial-time reductions).

P(e) V(p)
N, 23"« o Py
qé€ PRIMES
p = ARiTH (9, ) p = ARITH (0, F3)

Pse ( ﬂ:c\,{oz'l, n,o, |>) sumcheck protocel for Vee ﬂ:q,{O,'l, n,o, degim,(p))

yi(’,\d domain  #vars Sum Po\\/r\omiql
Z P(“‘r"ﬁ(n) =0
o(\, s °('\€ {ol |}

?ie\d domoin #vars Sym  ind c\eﬁree_

v . 4
(W\,...,wn)e “'-q q P(wl,...,wn)eﬁ
poly (mn)
Hme

Completeness: o e UNSAT - “Zd Plb,-on)=0 > P always convinces V.
(YRt O

Soundness: @ ¢ UNSAT = 2 Pl an)#0 = ettor is & n-degina(P) ¢ N-degsi(P) ¢ n-m . n-m
o(u,...,o(y\ q q q 2:\ 3"\

11



Arithmetization for #SAT

The orithmetization we used for UNSAT was coorse :

Y (Ql,...,qn) € {Oll}h (P(Q\, ,8n)=0
(P(Ou/.../ ,\)

—> P(Q'/"’/a'\):o
| —  o<play,.6n) <3

"

We can modify the arithmetizotion To be more precise:

X = I-X
XAy = XY
X v )I — X'l'y - X°7 [EKP\QnQﬁOh', Xvy = %7\—? - |-(I-X)'(|")’) = X+>’-—X-Y]

For every boolean formula ¢ : deﬁ‘_&(‘))sl(p\ , con evalvate pin sO(191) OPQrod'ions/

and  p agrees with @ on every boolean input (even if ¢ not a 3cnF).

claim: — ¥ (a,...aa) e} O (a,.,a0)=0
@(0\1/.../ ,\)

f is &
—> P(Qll.../q“):O .
low—deqree extension

"

| — (Qi,.., an)=1
P 7N of @ because le}"E‘P

We con now reduce #SAT To o sumcheck problem

corollory: ¥ prime. cpz" #0=c «— LOn)=C modq

Ov,.. a,,e{o 1} P(G

12



Interactive Proof for #SAT

We describe an IP for #SAT={(¢,c)| ¢ is & boolean formula with ¢ Safisfiable assignments 3

P(9,c)) V((9,c))
N 2 <9< Py
q€ PRIMES
B o ARiT\-\*((P, ‘Fcl) p = ARiT\-\*(CP, EFq)

se H:q,{of'l, n,c, p) sumcheck protocel tfor Vse ( ﬂ:q,{O,'l, n,c, deSir\d(P))

Qie\d domain #vars Sum Fol\/v\omiql
S plesh) = c
L OBy h € {01 'X

fie\d domain #vars sum  ind c\eﬁree_

v \ 4
(Wy,..,Wn) E IFQ ‘\6 P (Nl,...,Wn)e ’E'
Poly(m,n)
Hime

Completeness: (p,c)e 4#SAT - x‘Zd"P(a(~,.-.,o(.\)=c > Palways convinces V.

Soundness: (cp,c)¢1rSAT—>xZ ; Ploh, on)EC > €rror is < n- deind (P) < NdegrilP) ¢ n-3m  nam
Vs AN q q q 2:\

13



Interactive Proof for P#P

P
theorem: P# < IP

proo£: Let L€ P#P , and let M be o machine +hot decides L with o #SAT orocle
We describe an IP for L.

P(x) /3\ V(x)
C=#9 7 Simulate M(x) ond ask
T ok t+he prover for helP for
1 sglc [ | answering #SAT oracle queries.

Completeness: xel - B [<I’(x),V(x)7=\]=l becavse - M*SAT(X)M ; P(x) answers correctly

eoch #SAT call - and the IP for #SAT has perfect completeness .

Soundness: x| - ¥ P B [<PV)=]<&, where €. = “soundess error of the TP for #sAT",
Indq,q,d/ M ()=0 so M&)=l in the Simulotion happens only if P lies on o #SAT quety,
in which cose we rely on the soundness of the TP for #SAT, B

14




History of Arithmetization

Arithmetization loosely refers to useful ways to map to1},2 - N,GQF

problems in boolean logic to problems +hat invelve arithmetic, |o<3ical ops — arithmefic ops

[Godel 1931]; encode o string (&,,0n)€XZ" as & number p--ptneN (PKiMES={p‘,pL.})
This  Godel numbering - enables establishing Hhe incompleteness of formal arithmetic

[Chorch 193612 yses 7 to prove that a specific problem in number theory is undecidable
(Sobsec'uen’rly, Toting showed how 1o do this via Turing machines . )

= Convenient injection from strings to natural numbers.

[ Razborov 19871 [ Smolensky 192]: map boolean circuit 4o a low-degree polynomial approximation
This enables proving cirevit complexity lower bounds, (E.a. PARITY € AC, . )

’L_Poly(n) size O(1)- deH\
= Polynomials of low degree cannot describe certain functions circuits Gith any fan-in

* LLund Fortnow Karloff Nisan 192]: PERMANENT€IP by viewing the computation
of the permanent 0s a sumcheck claim

efficient encoding/decoding
: . . . . multiplication property
[ Shamir 1492]: more boolean logic - polynomial arsithmetic fich automorphism group
local testing /decoding/ correcti
b\)3€ role in +he Probab|l181'|c proof literoture SEs

= Polynomials of low degree are codes with MANY useful proPerT:es

15



Bonus: Sumcheck Protocol as a Reduction

from o polynomial Summcxﬁon) .

he sumcheck protocol can be phrased as a treduction ( o a-singe evauation

{,(.Z,( eHP(d""" “)=%¥ — B[ pwr,.,wn)=v where ((w,..,w)v)— <P(IFH N ¥,p),V( fF,H,n,¥ d )7] = |
x.z...:« eHP(d"""c(") +¥ — Y¥P Pr[ P(w.,...,wn)=v where - ((w,.., o) v) < <§,V( TF,H,h,b’,d)7] $h- (“%)ﬂ

PR H 0, ) (2 oY VI My, d) Sacd

=2 P Xk, ) f.elﬂx]> > iy

.., %€ H \eH

p,(X) :

el aef

> p ()L plw,)
Pl(x} ::o(gz... D(“QPH(W.,X,o(g,,,,,.,(,‘) fa € ﬂ‘[xL «zeHP piw

el AR

Pﬂ (X) = F ( W, - (A)n—\/X) Pne fF[X]) ZH P" (0(,,);’: P,,,-,(Nq_l)

%, €

/‘  UneF ARy
We vse this perspective throughout the course, — Qutput ((uu,... w),pal wa))

16
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